Entanglement of the Hermite-Gaussian modes states of photons 



Xi-Feng Ren *, Guo-Ping Guo^, Jian Li, and Guang-Can Guo^ 

^ Key Laboratory of Quantum Information, University of Science and 
Technology of China, CAS, Hefei 230026, People's Republic of China 



We found that the Hermit-Gaussian(HG) modes of the down converted beams from the spon- 
taneous parametric down conversion are quasi-conserved and the generated photon pairs are HG 
modes entangled for some special cases. This is valuable for either the investigation of fundament 
properties of multi-dimensional entanglement or quantum information applications. 
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Quantum entanglement is a very important property 
of quantum mechanics. It is the foundation of quantum 
teleportation, quantum computation, quantum cryptog- 
raphy, superdense coding, etc. Spontaneous parametric 
down conversion(SPDC) namely the generation of two 
lower-frequency photons when a strong pump field in- 
teracts within a nonlinear crystal. The down-converted 
photons from SPDC can be entangled in not only polar- 
ization, or spin angular momentum, but also the spatial 
mode such as orbital angular momentum(OAM). Such 
spatial entanglement occurs in an infinite-dimensional 
Hilbert space. Most applications of parametric down- 
conversion in quantum systems make use of spin en- 
tanglement. In recent years, the interest in multi- 
dimensional entangled states, or qudits, is steadily grow- 
ing for its promise to realize new types of quantum com- 
munication protocolslHllll, and its properties in quan- 
tum cryptography better than qubits0, 0, HJsj. These 
theoreticalji Q, 0, 13 and experiments [3 El III 
works about qudits are mostly based on QAM of the 
photons. It has been shown that paraxial Laguerre- 
Gaussian(LG) laser beams carry a well-defined orbital 
angular momentum|l4| . and that the LG modes form 
a complete Hilbert space. This provides a promise to 
explore quantum states belonging to multi-dimensional 
spaces m one photonimi. 

In this paper, we decompose the generated two- 
photon wave function using another type of spatial mode, 
Hermite-Gaussian(HG) modes. The HG modes decom- 
position comes naturally from optical cavity modes. We 
can generate beams in different HG modes by controlling 
the optical cavity modes. The detection of these beams 
have also been experimentally realized using computer 
generated holograms and single mode fibers 13] . Our re- 
sult shows that there are interesting relations between 
HG modes of the signal and idler photons. In some 
special cases, the HG modes are quasi-conserved, and 
the down-converted photon pairs are entangled in HG 
modes. These HG modes form an infinite dimensional 



basis and may be useful for the investigation of multi- 
dimensional entanglement state. We use these results 
to explain the multi-mode Hong-Ou-Mandel interference 
experiment jl5|| as validation. Additionally, we propose a 
teleportation protocol encoded in HG modes as a simple 
potential application of this HG modes entangled states. 
The normalized HG mode is given by 
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where Hi{x) are the associated Laguerre polynomials. 
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and the standard definitions for Gaussian beam parame- 
ters are used: 

w(z) = t^o-\/l + {z/zrY : spot size, 

R{z) = z{l + [zrI zY) : radius of wavefront curvature, 

^^{z) = arctan(z/z/j) : Gouy phase, 

zr = ^^Wq : Rayleigh range. 

Wo is the beam width at the beam waist, m and n 
are mode indices, m -t- 1 is the number of nodes in 
X direction(horizontal direction), and n + 1 in y direc- 
tion(vertical direction). 

At the beam waist (z = 0), the HG mode can be writ- 
ten as 



ffGr„(x,y) = W 
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In the following calculation, we use this equation for the 
sake of simplification. 
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In the monochromatic and paraxial approximations, 
the state generated by noncoUincar SPDC can be written 



as 



where 



\SPDC) = Ci 



dqsdqi^(qs,qi) 



(4) 
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The coefficients Ci and C2 are such that \Ci \ ^ IC2I, and 
C2 depends on the crystal length, the nonlinearity coeffi- 
cient, and the magnitude of the pump field, among other 
factors. The kets \qj,<Tj) represents one-photon states 
in plane-wave modes labeled by the transverse compo- 
nent qj of the wave vector kj and by the polarization aj 
of the mode j = s ot i. The polarization state of the 
down-converted photon pair is defined by the coefficients 
CtT.Mi- The function ^{qs,qi) is given by0| 



When L is small enough (the thin-crystal approxima- 
tion), Eq. (9) can be rewritten as 



(X / dpHGX{V2p)HG':^JprHG^^^{pr (10) 



For the special case that the pump beam is a Gaussian 
beam with waist ujp, which means rup = Up = 0, and the 
signal and idler beams have the same waist lUq, we can 
write Eq.(lO) as: 
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<^{qs,q^) = —v{q,+q,)smc{ — ), (6) 

where v(q) is the normalized angular spectrum of the 
pump beam, L is the length of the nonlinear crystal in the 
propagation (z) direction, and K is the magnitude of the 
pump field wave vector. The integration domain D is, in 
principle, defined by the conditions q^ < k1 and qf < kf. 
In this paper, we assume that $(gs,9i) does not depend 
on the polarizations of the down-converted photons|l6l 
Hflj l. Then the two-photon wave function after we omit 
the dependence on the z coordinate is[l^ 



i'{ps,pi) = E{ 
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where E[p) is the normalized electric field amplitude of 
the pump beam and F{p) = sin c(^/9^). 

Let us suppose that the nonlinear crystal is illumi- 
nated by a HG beam with mode indices (mp,np). In 
order to study the relations of the HG mode of the down- 
converted photons, we will expand the two-photon wave 
function tp{ps,pi) in terms of the HG basis functions 

11 Lj^^r 11 . . 



i^{ps,P^)= E E C'™f™,^fG;;=^(p.)J^Gr„-.(pO- (8) 

rus ^ris rrii ,ni 

Cm.m, is given by 



■nsUi 
nistTLi 



dp.dp.HG'Xi 



Ps 



V2 



Pi 



V2 



HG-^ipsYHG'^^ip.r 



(9) 



and a = ■ It is easy to find that when a ^ 1, 

P™ ^ Pmi^ 7^ '^)- If the X index of the signal(idler) 
beam is m, the probability to find the idler(signal) beam 
being the same x index is Qm = (^T )^/ I]^o(^m)^- 
Fig. 1 gives the relation between Qmand a for m = 0, 1, 2. 
Fig. 1 shows when a <C 1, the mode of the signal beam 
is almost as same as the idler beam. In this condition, 
^mjiui can be written as 
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In the similar conditions, wc can find for the general case 
that the pump beam is in mode (TOp,?ip), the mode of 
the signal beam (ms,ns) and idler beam (mi,ni) have 
interesting relations: 
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We call these relations quasi-conservation laws. It has 
been experimentally showed that the condition of a ^ 1 
can be satisfied with the help of lens in recent work 21j. 

Thus we can see that HG modes are quasi-conserved 
in the SPDC process for thin crystal. But it should be 
noted that this conservation can not directly lead to the 
HG modes entanglement between down-converted pho- 
ton pair. This conservation can also be satisfied by clas- 
sical correlations between the generated photon pair. It 
is well known that the down-converted photons have LG 
modes entanglement. In the following, we will show that 
LG modes entangled photons can also be HG modes en- 
tangled under this quasi-conservation condition. 
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The two-photon state generated by the SPDC process 
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for p — if the pump beam is in the LGq mode, where 
I is the mode index which represents 0AM. HG modes 
can be expressed as sums of LG modes and vice versa. 
The relation between HG mode and LG mode is^3| 



~ m + n (16) 
■.2p+\l\^m + n 



where b{n',m',m) = y^I|^^-i,-^[(l - i)"' (1 + 

i)™ ]|t=o- Combine Eq.(15) and (16), and use the quasi- 
conversation laws, we wiU gain: 
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We can see the conservation of HG modes is satisfied by 
a quantum correlation (entanglement) but not classical 
correlation of the down-converted fields. State (17) can 
be simplified as: 



+C? \HGl,HGl) + Cl \HG\,HG\) 



.(18) 



where is given by oc P^^P^ according to Eq.(13). 
The state (18) is a multi-dimensional entangled state. 
As an example, if we just consider the first three terms 
and let a = 0.25, the state is 0.66 |iJG[J, i/Gg) -I- 
0.53 |i7Gj, HGl) + 0.53 \HG^, HG\). These two pho- 
tons with HG modes entanglement can be valuable for 
either the investigation of fundament properties of multi- 
dimensional entanglement or quantum information appli- 
cations. 

Using the same method, we can find that for the gen- 
eral case(the condition a <C 1 is not required), we can 
just get the entanglement of parity of HG modes. This 
means: 



Parity (ms 
Parity{ns 



: Parity{mp) 
Parity{np) 



(19) 



This conclusion is also found by Walborn and his co- 
workers at the same timel22l. 



The entanglement of HG modes can be verified using 
the quantum state tomography method [l3j. This exper- 
iment is currently in progress in our laboratory. 

As validation, we show below that the present theory 
can be used to explain the Hong-Ou-Mandel interference 
experiment |l 5j| . In this experiment, the authors state 
that the transverse field amplitude of the pump beam has 
been transferred to the two-photon wave functionO,!!^. 
Actually, the experiment result can be directly explained 
when the down-converted photons are written in HG 
modes entangled states. 

If the pump beam is in HGq mode, the generated two- 
photon state is (we discard the x index for the sake of 
simplification^^ ) : 



|V'^) = — (|i,o) + |o,i)) 



(20) 



where |1,0) means the parity of y index of the signal 
beam is even and idler beam odd, and |1,0) means the 
parity of y index of the signal beam is odd and idler beam 
even. 

The coincidence detection amplitude for an experimen- 
tal set-up similar to the work^Sj is given by 



*tt( 



(21) 



where «'tt(ri,r2) oc ^(|1;0) + |0; l))H((7i, CT2)and 
«'rr(ri,r2) cx ^(|l,0)-K|0,l))H(a2,ai). H(ai, (72) is the 
four-dimensional polarization vector of the photon pairs. 
If t = r « 1/2 and H((7i,cr2) = -H(cr2,cri), '^c = 0, 
which means there is no coincidence detections; but if 
n(iTi,(T2) = n(iT2,cri), coincidence detections is not zero. 
For the case that the pump is in HG^ mode, we will get 
the contrary result. These are as same as the results of 
Walborn[l3. 

In the same way, we can find if the two-photon state is 
^(|1,0) - |0, 1)), ^(|0,0) + |1, 1)) or ^(|0,0) - |1, 1)), 
there will be no coincidence detections for H(cri,cr2) = 
n(cri ,(72)- This can be used to realize a teleportation pro- 
tocol encoded in HG modes. It is different from the early 
experiment |23| in which the information was encoded in 
polarization. The idea is that there is a particle 1 in a 
certain quantum state, the qubit i = a |0i) -I- /3 |li), 
where |0) and |1) represent the HG mode in y direction, 
and |q;|^ -I- = 1. Particles 2 and 3 are entangled in the 
state \ip) 23 = ^(112,03) + 102,13))- Although initially 
particles 1 and 2 are not entangled, their joint HG modes 
state can always be expressed as a superposition of four 
maximally entangled Bell states, since these states form a 
complete orthogonal basis. The total state of 3 particles 
can be written as 
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I^)l23 = ® IV'>23 

- ^((|0l,02) + |ll,l2))(«|l3)+/3|03)) 

+ (|0i,02)-|li,l2))(a|l3)-/3|03)) 
+ (|ll,02) + |0i,l2))(/9|l3)+a|03)) 
+ (|ll,02)-|0i,l2))(/3|l3)-a|03)))(22) 

Now performs a HOM Interference measurement on par- 
ticles 1 and 2, as we show previous, if the joint coinci- 
dence detections is not zero, particles 1 and 2 is in the 
state ^(|li,02) -t- |0i, I2)), and then particle 3 is in the 
state a |0) -I- /3|1). The teleportation protocol is com- 
pleted. The experimental setup can be similar to that 
of Bouwmeesterp^l while Bell-State measurement is re- 
alized by HOM Interference. 

In conclusion, we have calculated the probability am- 
plitudes of different HG modes of the down converted 
photons generated from SPDC for thin crystal. Our re- 



sult shows that the HG modes of the signal and idler 
beams have some interesting relations. They can be con- 
sidered as quasi-conservation for some special cases. In 
these cases, the generated two-photon state is a multi- 
dimensional state of HG modes. The recent Hong-Ou- 
Mandel interference experiment |1!t|| can be directly ex- 
plained with the proposed HG modes entanglement. In 
addition, we also propose a teleportation protocol en- 
coded in HG modes as a simple potential application. 
Our result is valuable for either the investigation of fun- 
dament properties of multi-dimensional entanglement or 
quantum information applications.. 
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